In this paper we consider a nonlinear parabolic equation with gradient dependent nonlinearities of the form In the case 0 < p, q ^ 1 we prove the existence of solution for suitable initial data. A comparison theorem for the solutions with respect to supersolutions and subsolutions is proved. Using these result, uniqueness and boundedness of solutions is studied.
INTRODUCTION
We consider the nonlinear parabolic problem with gradient dependent nonlinearities: In the case of q -1, b > 0 and a = 0 the problem was considered by Ben Artzi in [3, 4] . He showed the existence and decay of the global solution when ft = R n . He also introduced the open problem of the existence of the solution when fi ^ R N . In this paper we consider this problem. We shall show the existence, uniqueness and boundedness of the solution for suitable initial data, where fi is a bounded domain in R N . The problem (1.1) without the gradient term, that is, the equation u t -Au = |u| p -y with p > 1, has been extensively studied by many authors providing various sufficient conditions for blow up and global existence. Moreover some qualitative properties, such as, the nature of the blow up set, the rate and profile of blow up, maximum existence time and continuation after blow up, boundedness of global solutions, and convergence to a stationary state were investigated. For these topics we refer the reader to the books and survey articles [7, 19, 12, 22, 16, 2, 13, 3, 8] .
In the case p, q > 1 and b > 0 several authors have studied the existence of nonglobal positive solutions by giving some conditions for blow up, under certain assumptions on p, q, N and ft (see for instance [6, 9, 8, 14, 15, 17, 18, 20, 21] ). The problem (1.1) was considered by Souplet in [18] for p > 1 and q > 1. He proposed a model in population dynamics, where this type of equations describes the evolution of the population density of some biological species under the effect of a certain natural mechanism.
The aim of this paper is to prove the existence and uniqueness of global weak solutions for initial data in L 2 (ft) for 0 < p, q ^ 1.
The following problem has been considered in [1] , This paper is organised as follows. In section two we establish the existence of global weak solution for initial data in L 2 (ft). In the third section we consider subsolutions and supersolutions and prove a comparison theorem for the case p -q = 1. In section four, by using our comparison theorem, we prove the boundedness of solutions.
EXISTENCE OF GLOBAL SOLUTIONS
In this section we prove the existence of global weak solution of problem (1.1), when the initial data is in L 2 (ft) and 0 < p, q < 1. The techniques in [20, 6] for the existence in the case p > 1, q > 1 rely on the differentiabilty of Ji(u) = vP and J 2 {u) = |Aw|«, and are not applicable here for the case 0 < p,q < 1. Our technique is based on Galerkin's method.
In the following we give some notations and definitions which will be used later. Let ft C R* be a domain with smooth boundary, T > 0 and Q T -ft x (0,T).
DEFINITION. Let the initial data <j>{x) € L [3] Global existence and comparison theorem 483
for every test function C(z>*) S W l i 2 (0,T;HQ(Q,)). We shall say that u is a global weak solution of the problem (1.1), if u is a weak solution on QT for all positive T.
The following lemmas in [11] are crucial in our work. In these lemmas f2' C fi is an arbitrary measurable subset of Q, and mesft' means the Lebesgue measure of the set 0.'. On the other hand for each n, there is a T n with 0 < T n ^ T such that C£(<), k where C 2 is a positive constant. Integrating (2.5) over fi yields But |Hz,0)|| 2 t2(n) = £ CJ(0) 2 ^ ||*(aO|£ w Hence,
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Now by applying Gronwall's inequality, we get, Finally, from (2.7) and (2.8) we obtain,
where C 4 (t,^, Q) is a continuous function for t ^ 0. In particular (2.8) implise that T n =T. Now we shall show that the sequence {u n (x, t)} converges to a function u(x, t), which is a weak solution of the problem (1.1).
By considering the uniform estimate (2.9) and Lemma 2.1 it is possible to choose a subsequence from {u n } which is weakly convergent in L 2 {Q T ) to a function u, moreover [6] Hence for the special case a = 3/2 jju \x, ^)\\^3/2iQt\ ^ v^l-*)) mes^i^)
By setting ^(mes(Q')) = (C 4 (T)) mes(<2') 1/6 in Lemma 2.1, it follows that, there is a subsequence of {u n } which is convergent to a function
Then there is a subsequence of {u n } which is convergent to u almost everywhere. Now if we let
By using a simillar argument one can conclude that there is a subsequence of {u n } such that | V u " l 9 is convergent weakly to | v "I 9 in L 2 (Q T ).
Therefore there is a subsequence of {u n }, say again {u 11 }, such that 
